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ON THE CR ANALOGUE OF REILLY FORMULA AND YAU 
EIGENVALUE CONJECTURE 

*SHU-CHENG CHANQi, * *CHIH-WEI CHEN^, AND *CHIN-TUNG WU^ 

Abstract. In this paper, we derive the CR Reilly’s formula and its applications to studying 
of the first eigenvalue estimate for CR Dirichlet eigenvalue problem and embedded p-minimal 
hypersurfaces. In particular, we obtain the first Dirichlet eigenvalue estimate in a compact pseu- 
dohermitian (2n + I)-manifold with boundary and the first eigenvalue estimate of the tangential 
sublaplacian on closed oriented embedded p-minimal hypersurfaces in a closed pseudohermitian 
(2n + l)-manifold of vanishing torsion. 


1. Introduction 

In the paper of [Re], by integral version of Bochner-type formnla, R. Reilly proved so-called 
Reilly formula which has numerous applications. For example, Reilly himself applied it to 
prove a Lichnerowicz type sharp lower bound for the hrst eigenvalue of Laplacian on compact 
Riemannian manifolds with boundary. In this paper, we will derive the CR version of Reilly’s 
formula and give some applications as well. 

Let (M, J, 0) be a pseudohermitian (2n -|- l)-manifold (see next section for basic notions in 
pseudohermitian geometry). The CR Reilly’s formula (1.3) is involved terms which has no 
analogue in the Riemannian case. However, one can relate these extra terms to a third-order 
operator P which characterizes CR-pluriharmonic functions ([LI]) and the fourth-order CR 
Paneitz operator Pq ([GL]). 

Definition 1.1. (]GL], [P]j Let {M,J,9) be a pseudohermitian {2n + l)-manifold. We define 
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which is an operator that characterizes CR-pluriharmonic functions. Here 

PpR = 0 + /3 = 1, • • • ,n, 

and Pip = YTp=i conjugate of P. The CR Paneitz operator Pq is defined by 

( 1 . 1 ) Po(p = 4:Sb{P(p) + ASb{Pip), 

where 6b is the divergence operator that takes {l,0)-forms to functions by SbicrpO^) = , and 

similarly, 6b{cT-p9^) = 

We observe that ([GL]) 

Pop) = 2UbUbP - Un{A^'^pp),^ 

(1.2) = 2UbUbp + 4:in{Ah'^ p^) 

= 2{dfl + n^T‘^)p — AnReiiAh^pp),^ 

for Ubp = {dbd*b + d*bdb)p = (-Ab + inT)p = -2p-^. 

By using integrating by parts to the CR Bochner formula (3.1), we derive the following CR 
version of Reilly’s formula. 

Theorem 1.1. Let (M, J, 9) be a compact pseudohermitian {2n + l)-manifold with boundary S. 
Then for any real smooth function p, we have 

--i^ij(Abpr-^,Ep,,Mdh 
= ^ Im RPoTdtt + J^i^Ric -{n + l)Tor]{{Vbp)c, {Vbp)c)dti 

4 p (PnT - PnP) dTp + | J^{p'^B^-^p - phBnpp)dTp 

— jCn ToTend'Pp + 'ppP'n Te2n^bpdTp + Cn p^^^AlpdEp 

Jy, Hp.hPl^ndTp + -^Cn apg^p^^^dEp 
/s J2j,k=l (^e„e2n, Cfc) p^..pf,,^dAp. 

Here Pq is the CR Paneitz operator on M. Cn := 2"n!; Bp^p := pp^ — ^p^'^hpj. Al := 
^E?:7^[e/-(Ve, ejY] is the tangential sublaplacian of S and Hp,h is the p-mean curvature of 
S with respect to the Legendrian normal e 2 n, cte 2 n + T E TE for some function a on E\S's, the 
singular set S's consists of those points where the contact bundle ^ = ker0 coincides with the 
tangent bundle TS o/E. (Vbp)c = T^Zp is the corresponding complex {l,0)-vector field ofVbP 
and dTp = 9 A e^ A A ■■■ A e"'~^ A e‘^"'~^ A e” is the p-area element on E. 


CR REILLY FORMULA AND YAU EIGENVALUE CONJECTURE 


3 


If (M, J, 6 ) is a compact pseudohermitian {2n + l)-manifold without boundary, one can check 
easily that the fourth-order CR Paneitz Pq is self-adjoint. That is 


(1.4) 


Im gPofdii = fPogdu 


for all smooth functions / and g. However, if (M, J, 6 ) is a compact pseudohermitian (2n -|- 1)- 
manifold with the smooth boundary S, it follows from (5.1) and (5.2) that (1.4) folds for all 
smooth functions with the Dirichlet condition or the Neumann condition as in (1.5) and (1.6) 
on S. In particular, it holds in the situation as in Theorem 1.2 and Theorem 1.3. 

That is, one can have the following Dirichlet eigenvalue problem or Neumann eigenvalue 
problem, respectively : 


(1.5) 


and 


( 1 . 6 ) 


Hence 


/ 


Pq^P = 

LoR 

on M, 

ip = 

0 

on S, 

Ab<p = 

0 

on S, 

Po(p 

= Rn 

(j) on M, 

Abcj) 

= 0 

on S, 

{^b4>)e2n 

= 0 

on S. 


(1-7) (pPo(pdp > nl Xu 

for the hrst Dirichlet eigenvalue and all smooth functions with (f = 0 = Abif on S. Similarly 


(1-8) Xu cP'^dfi 

for the hrst Neumann eigenvalue and all smooth functions with Ab(p = 0 = {Ab4>)e2„ on S. 
In general, and are not always nonnegative. 


Definition 1.2. Let {M,J,6) be a compact pseudohermitian {2n + 1)-manifold with the smooth 
boundary S. ITe say that the CR Paneitz operator Pq with respect to {J,0) is nonnegative if 

Im ^Po^dg > 0 

for all smooth functions with suitable boundary conditions as in Dirichlet eigenvalue problem or 
Neumann eigenvalue problem of Pq. 
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Remark 1.1. Let (M, J,9) be a compact pseudohermitian {2n + l)-manifold of vanishing torsion 
with the smooth boundary S. It follows from (1.2) that the Kohn Laplacian and □ commute 
and they are diagonalized simultaneously with 

PqP = = 2U\^|\I\h‘L. 


Then the corresponding CR Paneitz operator Pq is nonnegative (^[CCC]j. That is 

For the first conseguence of CR Reilly formula, we can consider the following Dirichlet eigen¬ 
value problem: 

I Abip = -Xiip on M, 

9 ? =0 on S. 

Then we have the following first Dirichlet eigenvalue estimate: 


Theorem 1.2. Let (M, J,6) be a compact pseudohermitian {2n + l)-manifold with the smooth 
boundary S. If the pseudohermitian mean curvature Hp ^ is nonnegative and 


[Ric - ^Tor]{Z, Z) > k {Z, Z) 


for all Z G Ti^o a positive constant k, then 
(i) For n> 2, 


(a) For n = 1, 


\ \ nk . 

^ 


Xi > - 1 ^ 


with In addition if Pq is nonnegative, in particular if the torsion is vanishing, then 


Ai>|. 


Remark 1.2. It is known that the sharp first eigenvalue estimate is obtained as in [Gr], [LL], 
[Ch], [CC2] and [FK] in a closed pseudohermitian (2n + 1)-manifold. 


Next we can state the second conseqnence of the CR Reilly formula (1.3) which served as a CR 
analogue of Yau conjecture [Y] on the first eigenvalue estimate of embedded oriented minimal 
hypersurfaces. We refer to papers of Choi-Wang [CW] and Tang-Yan [TY] which are related to 
Yau conjecture. 
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As before, {ei, 62 , • • • , e„, e„+i, • • • , e 2 n-i, Q;e 2 n + T} is the base of TS for some function a on 
S\S's. It follows from (3.11) that is a self-adjoint operator with respect to the p-area 

element dUp on S. Hence it is natural to consider the following CR analogue of eigenvalue prob¬ 
lem on the embedded closed p-minimal {Hp h = 0 ) hypersurface S in a closed pseudohermitian 
(2n -I- l)-manifold (M, J, 9): 

(1.10) LaU = —Xiu, 

here 

( 1 - 11 ) La-.= Al + aen. 

In this paper, we consider the particular case that {ei, 62 , • • • , e„, e„+i, • • • , e 2 n-i, T} are al¬ 
ways tangent to S (a = 0 ) as following: 

(1-12) L„ := A*. 

That is, we have the first eigenvalue estimate of Lq on embedded oriented hypersurfaces of 
nonnegative pseudohermitian mean curvature: 

Theorem 1.3. Let T, be a compact embedded oriented p-minimal hypersurface with a = 0 in 
a closed pseudohermitian {2n -|- l)-manifold {M,J,9) of vanishing torsion. Suppose that the 
pseudohermitian Ricci curvature of M is bounded from below by a positive constant k. Then 
(i) The first non-zero eigenvalue Ai of Lq on S has a lower bound given by 

Ai>|. 

(a) In case ofn = lif the eguality holds, (M, J, 9) must be a closed spherical pseudohermitian 
3-manifold and T, be a compact embedded oriented p-minimal surface of genus < 1. Moreover, 
(M, J, 9) is the the standard CR 3-sphere (S^, J, 9) if it is simply connected. 

Let (M, J, 9) be a closed spherical pseudohermitian 3-manifold. Recall ([CCl]) that we call a 
CR structure J spherical if Cartan curvature tensor Qn vanishes identically. Here 

Qii = 1^11 + fhCAii — Aii^o ~ 

Note that (M, J, 9) is called a spherical pseudohermitian 3-manifold if J is a spherical structure. 
We observe that the spherical structure is CR invariant and a closed spherical pseudohermitian 
3-manifold (M, J, 9) is locally CR equivalent to the standard pseudohermitian 3-sphere (S^, J, 9). 
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Note that for an p-minimal Clifford torus So = x C x in the standard 

CR 3-sphere (i.e. k = 2 and An = 0), T is always tangent to Sq (i.e. a = 0). Furthermore, 
the coordinate function Xi of Sq is the eigenfunction of the tangential sublaplacian with 

Alxi = -Xi, z = l,...4. 

Then in view of Theorem 1.3, we have the following CR analogue of Yau conjecture on the 
hrst eigenvalue estimate of embedded oriented p-minimal surfaces. 

Conjecture 1.1. The first eigenvalue of Lq on any closed embedded p-minimal surface of genus 
< 1 in the standard CR 3-sphere (S^, J,9) is just 1. 

Finally, we propose a CR analogue of Lawson conjecture ([La]): 

Conjecture 1.2. Any closed embedded p-minimal torus (with a = 0) in the standard CR 3- 
sphere is the Clifford torus. 

If the Yau conjecture is true for the 2-torus, it was proved in [MR] that the Lawson conjecture 
holds which is to say that the only minimally embedded torus in is the Clifford torus. However, 
Lawson conjecture was solved by S. Brendle [B] recently. 

We briefly describe the methods used in our proofs. In section 3, by using integrating by 
parts to the CR Bochner formula (3.1), we can derive the CR version of Reilly’s formula which 
involving a third order operator P which characterizes CR-pluriharmonic functions and the 
CR Paneitz operator Pq- By applying the CR Reilly’s formula, we are able to obtain the hrst 
Dirichlet eigenvalue estimate as in section 4 and derive the hrst non-zero eigenvalue estimate 
of (1.10) on compact oriented embedded p-minimal hypersurfaces in a closed pseudohermitian 
(2n -|- l)-manifold of vanishing torsion as in section 5. 

2. Basic Notions in Pseudohermitian Geometry 

We hrst introduce some basic materials in a pseudohermitian {2n + l)-manifold. Let (M, J, 9) 
be a (2n-|- l)-dimensional, orientable, contact manifold with contact structure f = ker0. A 
CR structure compatible with f is an endomorphism J ■ C ^ C such that .P = —1. We also 
assume that J satishes the following integrability condition: If X and Y are in then so is 
[JY, Y] + [Y, JY] and J([JY, Y] + [Y, JY]) = [JY, JY] - [Y, Y]. A CR structure J can extend 
to and decomposes into the direct sum of Ti q and Tq^i which are eigenspaces of J 
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with respect to eigenvalues i and —i^ respectively. A manifold M with a CR structure is called 
a CR manifold. A pseudohermitian structure compatible with ^ is a CR structure J compatible 
with ^ together with a choice of contact form 6. Such a choice determines a unique real vector 
held T transverse to which is called the characteristic vector held of 9, such that 9{T) = 1 
and CtO = 0 or d9{T, •) = 0. Let {T, Zp, be a frame of TM 0 C, where Zp is any local 
frame of Z^= Zp ^ Top and T is the characteristic vector held. Then ^9^9^,9^^^ which 
is the coframe dual to {T, Zp, Zj^^ satishes 

(2.1) d9 = ihp^9^ A 9^, 

for some positive dehnite Hermitian matrix of functions {hpTy). Actually we can always choose 
Zp such that hp^y = 6p^; hence, throughout this note, we assume hp?y = 6py. 

The Levi form ( , ) is the Hermitian form on Ti q dehned by 

{Z, W) = -i{d9,Z ^W). 

We can extend ( , ) to Top by dehning (Z^W') = {Z,W) for all Z, IT G Ti^. The Levi form 
induces naturally a Hermitian form on the dual bundle of Ti^, also denoted by ( , ), and hence 
on all the induced tensor bundles. Integrating the Hermitian form (when acting on sections) 
over M with respect to the volume form dfi = 9 A {d9)'^, we get an inner product on the space 
of sections of each tensor bundle. 

The pseudohermitian connection of {J,9) is the connection V onTM Z)C (and extended to 
tensors) given in terms of a local frame Zp G Ti q by 

WZp = 9p^ (8) Z^, Z) Zy, VT = 0, 

where 9p^ are the 1-forms uniquely determined by the following equations: 

d9^ = 9^ A 9^^+ 9 A r^, 

( 2 . 2 ) 0 = TpA9^, 

0 = 9p^ + 6 »/, 

We can write (by Cartan lemma) Tp = Ap^9'^ with Ap.y = A^p. The curvature of the Tanaka- 
Webster connection, expressed in terms of the coframe {9 = 9^, 9^, 9^}, is 

Hp^ = H^ = d9p'^ - 9p^ A 9,\ 

Ho^ = HpO = Ho^ = = Ho" = 0. 
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Webster showed that can be written 

Ar + Wp'^pdpw'^p-pOp^e + iep^T^ - a 
where the coefficients satisfy 

Rp^pa R'ypap Rppap Rpppai fh/37p '^'^ppp- 

We will denote components of covariant derivatives with indices preceded by comma; thus 
write Apis^ry. The indices {0, /5, /?} indicate derivatives with respect to {T, Zjs, Z^}. For derivatives 
of a scalar function, we will often omit the comma, for instance, = Z^u, = Z^Z^u — 
9^p{Z^)ZpU, Uq = Tu for a smooth function u . 

For a real function u, the subgradient is dehned by G ^ and (Z, Vf,n) = du{Z) for 
all vector helds Z tangent to contact plane. Locally + u^Z-^. We can use the 

connection to dehne the subhessian as the complex linear map 

(V^)2n:Ti,o©To,i^Ti,o©To,i by (V^)\(Z) = VzV^n. 


In particular. 


I VbUp = 2 upu^, I Vfttip = 2 

Also the sublaplacian is dehned by 

A.u = Tr {{V^fu) = + V)- 

The pseudohermitian Ricci tensor and the torsion tensor on Ti^ are dehned by 

Ric{X, Y) = 

Tor{X, Y) = t - A.^X'^Y^^), 

where W = X^^Z^, Y = Y^Zp. 


3. The CR Reilly’s Formula 

Let M be a compact pseudohermitian {2n + l)-manifold with boundary S. We write 6^^ = 
with = Re{6^^), and Zj^ = l(e /3 - icn+p) for real vectors e/ 3 , e„+/ 3 , 

/3 = 1, • • • ,n. It follows that en+p = Jep- Let e^ = Re( 6 *^), = Im( 6 *^), /3 = 1, • • • ,n. Then 
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{9, e^, is dual to {T, e^, e„+^}. Now in view of (2.1) and (2.2), we have the following real 
version of structure equations: 

' d6» = 2 ^ A e"+^, 

P 

^ = + ®en+f}, Ven+^ = ® en+0 - ® ep, 

de^ = A A mod 6*; A A mod 9. 

Let S be a surface contained in M. The singular set S's consists of those points where ^ 
coincides with the tangent bundle TS of S. It is easy to see that S^. is a closed set. On if, we 
can associate a natural metric ( > )g = \d9{-, J-) call the Levi metric. For a vector n G f, we 
define the length of v by |n|g = (n, v)g- With respect to the Levi metric, we can take unit vector 
helds Cl, • • • , e 2 n-i £ f O TS on S\S's, called the characteristic helds and e 2 n = Jem called the 
Legendrian normal. The p(pseudohermitian)-mean curvature Hp ^ on S\S's is dehned by 

Hr,.h = -T.T=" (Ve,e2n,0>. 

For ei, • • • , e 2 n-i being characteristic helds, we have the p-area element 

dSp = d A A A • • • A A A e” 

on S and all surface integrals over S are with respect to this 2n-form dSp. Note that dSp 

continuously extends over the singular set Fs and vanishes on Fs. 

We also write and = |(Pe^e^ + Moreover, = eue^ip - 

Ve^ej-p and | '^pi^epep + ^er.+pen+p)- ^ext we dehne the subdivergence operator divb{-) 

by divb{W) = ,p +W^,-p for all vector helds W = W^Zp + and its real version is 

diVbiW) = ‘fp^ep + '^n+pfiri+p ^ ~ ^p^b + i^n+p^n+p- We dehne the tangential subgradient 
of a function (p by = Vb<p — (V^p, e 2 n)Ge 2 n and the tangent sublaplacian of p by 
= I “ C^ejejYif], where (Ve^e^)* is the tangential part of 

We hrst recall the following CR Bochner formula. 

Lemma 3.1. Let {M, J, 9) be a pseudohermitian {2n + l)-manifold. For a real function ip, we 
have 

|Ab|Vfe(p|2 = iVfePp + (VfeP, VbAftp) 

+ [2Ric- (n - 2)Tor]((Vfep)c, (V6(p)c) + 2(JVb(p, Vfe(po), 
where (Vfe(p)c = P^Zp is the corresponding complex {l,0)-vector field ofVbP- 
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The proof of the above formula follows from the Bochner formula (Lemma 3 in [Gr]) derived 
by A. Greenleaf and using the commutation relation (see Lemma 2.2 in [GGl]) 

* - ^^00) - Tor{{Vb^)c, {Vb^)c)- 

From [GGl], we can relate {J'Vb<^,'Vb^o) with (Vfe(^, by 

(3.2) (JVfe(p, Vb<-Po) = VbAbi^) - 2Tor((Vb(p)c, (Vb9?)c) - ^{P^p + Pp, dbp). 

For the proof of Reilly’s formula, we first need a series of formulae. In particular, one derives 
the following GR version of divergence theorem and Green’s identity for a compact pseudoher- 
mitian (2?7, + l)-manifold M with boundary E. Note that dJ^p vanishes on S's. 

Lemma 3.2. (Divergence Theorem) Let {M,J,9) be a compact pseudohermitian (2n + 1)- 
manifold with boundary S. For a real function p, we have 

(3.3) /\bPdp = diVb{VbP)dn = \Cn Pe^n^'^P = fsi'^bP, e2n}Gd^p, 

(3.4) PPoodp + Jm Tldp = -Cn app^dEp. 

Here dEp = 9 A e^ A A • • • A A A e"' is the p-area element of E and Cn = 2^n\. 


Proof. By the Stoke’s theorem, we have 

J^Abpdp = + Ae"+'A---Ae"Ae2- 

= 2”“^?7.! d[—p^^9 A e^ A A • • • A A 6"+^ A • • • A e” A 


P Pp a a e"'+^ A • • • A A e'^+h a • • • A e” A e^”] 

“ Sn+/3 J 

= 2”-in! p^^J Ae^ A 6"+^ A ■ • • A A A 

Cn bPH2n} cdEp. 


Here we used dp = 9 A {d9)"' = Cn9 A e^ A A • • • A e” A e^"' and the fact that the 2n- 
forms 0 A A A ■ ■ ■ A eh A e^^h A • • • A e” A vanish on S's for = 1, • • • , n and so are 
0 A A e"'+^ A • • • A A e'^+h A • • • A €"■ A for /3 = 1, • • • , n — 1, since Cj are tangent along E 


for j = 1, • • • , 2n — 1. 

The second equation follows easily from Stoke’s theorem as above 


/m TTmdh + /m = Cn Jm d(pPoe^ A e^+^ A • • • A e” A e^^) 

= Cn PPqC a A • • • A e”' A 


and the help of the identity A e'^ = a9 A on E\S's. 


□ 
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Corollary 3.1. (Green’s identity) Let (M, J,9) be a compact pseudohermitian {2n + l)-manifold 
with boundary S. For real functions p and t), 

(3.5) il;Ab^dn + ^b'4’)d^i = \Cn 4 

Proof. It is easy to check that diVbi'ip'Vbp) = 'f’AbP + and then the result follows 

from the CR version of divergence theorem. □ 

Lemma 3.3. Let {M,J,9) be a compact pseudohermitian (2n + l)-manifold with boundary S. 
For any real smooth function ip, 

(3.6) ^j^{JVbF,VbFQ)dii + n^j^^pldp. = (PoFe„dEp. 

Proof. Since divb{{JVbP) Fo) = {J'VhF,'VbFo) + by the divergence theorem (3.3), we 
have 

^bFo)dp + nj^ ifldfi 

= Im divb{{JVbF) Fo)dp = Cn J^dJ^bp) Fo, e2n)Gd^p = ^Cn ipo<p^J^p. 

□ 

Lemma 3.4. Let (M, J,9) be a compact pseudohermitian (2n + l)-manifold with boundary S. 
For any real smooth function ip, 

!m^Pf + Pf. dbip)dp + \ j^{Pop>)‘pdp = \iCn F {PnF - PuF) d'Fp. 

Proof. It can be easily checked that 

divb ({ipP^ip)Zfi + {p)P'^ip)Z^ = {Pip + Pip, db<p) + IfPqF- 

We then have by the divergence theorem (3.3) 

Im(^F + dbF)dtr + | J^{Poip)ipdp 
= P'n /s {{fP^F)Z0 + {FP^F)Zp, dSp = ^iCn /s F {PnF - PnF) dZ^p. 

□ 

Lemma 3.5. Let {M, J,9) be a compact pseudohermitian {2n + l)-manifold with boundary S. 
For real-valued functions ip on Z, 


( 3 . 8 ) 


Is (Ve. + 2ap (iEp = 0; 
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(3-9) + lO/{en))<f]d^p = 0 for any (5 ^ n] 

(3.10) - (a£l;/(e„) - ReAjm)^]dT.p = 0. 

Proof. By the Stoke’s theorem, we have 

l^nJ^PeJ^P = Ij^PeJ ^iddT~^ 

= -J^dipAdA {d9)^~^ + ^dA (d0f~^ 

= — d{ip6 A {d6)'^~^) + ifdO A {d6)'^~^ 

= fj. 2ipe^ A A (d9)"'~^ = “ /s “^Oipd A e"' A (dd)’^~^ 

C*n Jj] CtLpdPip, 

where we used the identities 9 A {d9)"'~^ A = 0 on E since is tangent along E, d9 
2 YTy=i ^ Ae^ = a9 Ae^ on E\S's. 

For the second equation, we compute 

p>^9 A {d9r-^ Pe^ = k A A A (EJli' Pd^ A 9^) A 
= J^dipA9 A 9^ A A 9^ a9~^) A P^ = - 4 ipd[9 A 9^ A ((d^)""') A e"] 

= fj. ip[9 A d9^ A ((dd)"~^) A e""] — ip[9 A 9^ A ((dd)””^) A de"] 

= L p)[9 A {9"' A 9.y^ + 9 A r^) A (X)?=i A 9^ A (P) A e"] 

•’ iA7 

- /s \p[d A 9^ A {YTjZl df A 9Z A d-^{en)9^) A e”] 

= k e/izk - p|(e„)) 4.0 A e” A A A (Ey; Pf a «?) a e" 

= - A (e,^„ ^ A (de)"-' A e", 

where we used de" = A 9.y'^ + 9"^ A 9y^) = ^ dZ^{en)9^ A e" mod 9, on E. 

The same compute for the third equation yields 

/s Pod A (dd)”"^ A 

= J^dipA {d9f~^ A e" - 4 A e" A (dd)""^ 

= /s {d9)'"~^ A e") - J^(p (dd)''"^ A de^ - A (dd)""^ A 

= j^p (dd)”~^ A [a;^(e„)e^"' A e" — Re Aj^d A e”] — ap^^^d A (d9)^~^ A e"" 

= f^l(auZ(en) - ReA^)p - cn^e2,]d A (dd)”"^ A e*". 
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Lemma 3.6. Let (M, J,6) be a compact pseudohermitian {2n + l)-manifold with boundary S. 
For real-valued functions p and tfj on T., we have 

(3.11) + aen)(pdEp = (p(Al + aenji/jdEp. 

This Lemma implies that A^ + ae„ is a self-adjoint operator with respect to the p-area element 
dTip on S. 

The Proof of Theorem 1.1: 

Proof. By integrating the CR version of Bochner formula (3.1), we have 

= lM\^bF?^F + lM(^bF,^b^bF)dti 

-L jj^[2Ric - (n - 2)Tor]((Vbp)c, {Vb<p)c)dfi 

lM('^'^bF,VbFo)dfi. 

Note that 

E/3,7 i^bpf + 

It follows from the CR Green’s identity (3.5) with fj = Ab<p and (3.6), that 

UM^bl^bPl'^dfi 

T Im Fodp + FoPend^P 2^^ /s(^^‘^)‘^e2n'^^P 

iMi^bPfd/r + Jj^p[2Ric - (n - 2)Tor]((Vfe(p)c, (V6(p)c). 

By combining (3.6), (3.2), (3.5) and (3.7), we have 

= ilMi^bpfdp- ^CnJj.{Ablf)if^^JEp 

(3-13) (fiPopdp + HCn 4 P {PnP - PnP) d'Lp 

+ \Cn fs FoPeJ'^p + 2 ((Vfe(p)c, bF)c) dp. 

Also applying the divergence Theorem to the equation 

with ByTyif = — Li_p^^hiPy, we obtain 

= ^Im PPoPdp - ^iCn 4 P {PnP - PnP) d'Pp 
Pl'lCn PnjsF ~ BnpP^dYjp. 


(3.14) 
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Here 


= i Yhp^nVf {^epe^ + V^e n+/3e2n ) “t" ‘'Pepi‘^epe2n V^e„+^en)] 

~^4^e2„ [(V^enGn “1“ ^e2„e2n) ~ 

Substituting these into the right hand side of (3.12), we get 

(3.15) Xu ^ {Pn^ - dE, 

+ /m[2^^c- (n+ l)ror]((Vb99)c, i\/bV)c)dfi + ^Cn Jj^(Po^eJ^P 

+ b^n - (fi^Bn,3¥^)dEp + ^Cn J^iAbip)ip^^JEp. 

On the other hand, the divergence theorem (3.3) implies that 

= lC„/p|V»v>l%.<iE, 

~ 4^”/s S/3^n (^‘-Pep‘fepe2n ^e„+^V^e„+;3e2n) 

P^Cn fj] {}P CnP ene2n Pe2nP e2ne2n) ' 


Substituting the commutation relations 


‘f’epen+~, Pen+jep^ Pe^+pCn+'i Pen+jen+p’ 7 ^ 7 ) 

Pene2n ~ Pe2nen ^V^O) 


and 


E/l^n 2(v?^^ + + <de„e„ = E?=l Ve,e, = 2A^(p + 


= 2Ab(p 


E 2n—1 

. 7=1 


(3.16) 


V^e2ne2n 
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into the above equation, also integrating by parts from (3.8) and (3.9) yields 

/s ¥^e„(9^e2„e„ + ‘^'^o)d'^p + ^C'n Jjj V^e 2 „¥^e 2 „e 2 n 

= \Cn 2(<^V5e2„Z, + 

~^2^n ^e„^od^P + 4^n V^e 2 „^e 2 „e 2 „'^^P 

= -i^'n /s ‘^e2jE/3^n 2(<^/3^ + + ^e„eJd^P 

j-g ~2^n ®V^e„V^e 2 n^E ~ 4^^ /s V^e„ (^e„e 2 n)</^dSp 

+ 2^»^ Je V^en^od'^P + 4^^ Ie ^e2n‘^e2ne2nd^P 

~^4^n Ve2n p^n^d n^ {^Gn)^ p + ^n:^(en)<P^) ~ (Ve„e„) V^jdSp 

+ lC'n /s E/3,7^n *(^E(^/3)</^y “ (^/j)(p^)(p^dSp 

~2^n ^•^^Pai^n'^idrC {Z-p)Lp^ — {Z-0)ip^)ip i^dTip 

~ 2^ri V^e 2 n (^bV^ ~ 2 A^(p) dSp — Hp h^fl^^dEp 

~2^'n /s ®V^e„V^e 2 „^E + 2^^ /s Vo^e^dZp 
~4^n Je Ej,fc=l ej^2n, Cfc) ‘^ej^eudZp- 

Here we use ip^-p = ZpZpp - dp^{Zp)p^ for each /? 7 ^ u and - (Ve„e„)V on 

S, the fact that (3.16) holds only on S\S's. However, dSp can be continuously extends over the 
singular set S's and vanishes on S's. Finally, by combining the equations (3.15) and (3.17), we 
can then obtain (1.3). This completes the proof of Theorem. □ 

4. The CR First Non-Zero Dirichlet Eigenvalue Estimate 

In this section, we derive the hrst Dirichlet eigenvalue estimate in a compact pseudohermitian 
( 2 n -|- l)-manifold (M, J, &) with boundary S. 

Lemma 4.1. Let {M,J,6) be a compact pseudohermitian {2n + l)-manifold with the smooth 
boundary S of pseudohermitian mean curvature Hp,h for n>2. For the first eigenfunction p of 
Dirichlet eigenvalue problem (1.9), we have 

^ /m FPoFdp = Jm Ep,j\Fp^ - \Fa"hp^\^dp + |C„ Hp.hpl^JZp 

which implies 


(4.2) 


!m ‘pPo¥“ll^ > 0 
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if Hp h is nonnegative. 

Proof. Since (/; = 0 on S and ej is tangent along S for 1 < j < 2n — 1, then (f^. = 0 for 1 < j < 
2n — 1 and | ~ C^ej^jYp] = 0 on S. Furthermore, since Abif = Xi(p on M 

and (^ = 0 on S, then Ab^p = 0 on S. 

It follows from (3.8), (3.9) and (3.16) that 

iCn - p>^Bngp>)dAp 

= iCn fj. ~ + ^ri J-^iPn^nnP ~ Pn^nnP)dTjp 

= iCn /s Pn[BnnP “ {en)Pg)]d^p + Conjugate 

2 ^ = iCn 4 Pni^Pnn “ + | E/3^n (Cn)+ COUjugate 

= + (Ve/")V + “ ^^bP]d^p 

+ ^Cn /s PoPeJ^P + ICn V + ”(Cn)J 

~ 2^^ Ie Pe2„i~ti~^bP — 2A^99 — Hp,hPe2n)^'Bp H ~^n Yy. PoPe„d^p 

~2^n Jy PenPe2nend^p + Ie i.^n)Pen^'Bp — Cn fj. aip^^if^^^dTip, 

where we used B^-^g) = ip^-^ for /3 7 ^ n, BnnP = Prm “ and 

/sbe2„(<^e„e„ + (Ve„"")V) + P eS^ p\d'Pp 
= fElPe2jenYP + PeJ^eJ^'‘Yp]d^P 
= - fslPe^(ene2nP “ (VeJ^^Yp) + 2a(p^^(p^JdEp 

~ ~ /s(^en^e 2 ne„ S" ‘^^PenPe2rY)^'B‘P- 

Substituting (4.3) into (3.14), we get 

^iMPBopdp = J^J2p,^\Pfry- PnP)dEp 

-^iCn JYiP^BnpP - P^BnpgPjdAp 

~ /m E/3,7 IV^/37 ~ nFo- dp-\ ^iCn Jy P {PnP ~ PnP) dTip 

~8^n Jy Pe2„(^i~^l>P — 2Al(p — Hp,hPe2„)dP‘p ^P'n Jy PoPen^^P 
+ 8 ^^ Ie PenPe2nen^'P‘p ~ s^n Jy d^n (^n)Pe„d^p + jCn aip^^ip^^^dEp 

which is the equation (4.1) under the assumptions. □ 


Now we are ready to prove Theorem 1.2. 
The Proof of Theorem 1.2; 
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Proof. It follows the CR Reilly formula (1.3) that 

( 4 . 4 ) ^ ^ ipPo^dfi + Jj^[2Ric - {n+l)Tor]{{VbP)c,{^bP)c)dfi. 

Since 


Lp = 0 and Abip = 0 on S, 


(1.7) and (4.4) imply 


^ Im + j^i^Ric - (n + l)Tor]{{VbP)c, (Vfe(p)c)d/x. 

Moreover, by using 


[2Ric - (n + l)Tor]{{'\/bp)c, (Vbp)c) > k\^bP? 


and 


we obtain 


Hence 


and thus 


/m \^bP?dp = Ai/^(p2d^, 

/m > {kXi + ^/i^) p^^dp. 

- k\i - 0 


(i) In case for n = 1, we have 


nk+yJrfik'^+(n+l){n+2)Aj^ 
^ -2(7TP-■ 


^1 R-z-) 


for . \n addition if Pq is nonnegative, we have 


Ai> 


(i) In case for n > 2, it follows from (4.2) and (4.4) that 


n + 1 


n 


A? - fcAi > 0 


and then 


Ai > 


nk 

(n+l) • 


□ 
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5. The First Eigenvalue Estimate of Embedded P-minimal hypersurfaces 

In this section, we study a CR analogue of Yau conjecture [Y] on the hrst eigenvalue estimate 
of embedded p-minimal hypersurfaces. 

The Proof of Theorem 1.3: 


Proof. Since M has vanishing torsion and positive pseudohermitian Ricci curvature, it follows 
from [CCl] that M has positive Ricci curvature with respect to the Webster metric. Hence its 
first homology group M) is trivial. By an exact sequence argument, we conclude that S 

divides M into two connected components Mi and M 2 with dMi = S = dM 2 . Let us denote D 
to be one of two components to be chosen later. If u is the first nonconstant eigenfunction on 
E, satisfying 

LaU = —\iu. 


We first let be the solution of 


Afop = 0 on D 


with the boundary condition 

p = M on S. 

If P is a compact pseudohermitian (2n -|- l)-manifold with the smooth boundary S, then Pq 
is self-adjoint on the space of all smooth functions with = 0 and {Ab!f)e 2 n = 0 on S. In 
fact, it suffices to check that 


(5.1) 


and for a = 0 


- Id VbAbf) dfi + Cn 4 g{Abf)e2„d^p 

Id ^bf Abgdfi Cn ge2„AbfdYlp Cn Ij^ g{Abf)e2n^^p 

Id ^bf^bgdu = Ijj fAfgdfi 


(5.2) 


Id gfoodg 


Id gofo^P T Iji (^g fodP‘p 
Id fgoodg - 2Cn /s afgodEp + 2Cn Ij. agfodEp 
Id f goodg- 


It follows that if the torsion is vanishing 


( 5 . 3 ) 


ipPoipdg > 0 . 
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(5.4) 


By applying the CR Reilly formula (1-1), we have 

0 ^ ^ Jz) I^ Jy; 2n Js ^ dYjp 

PP'n Jy ‘fe2n^b‘f^^P P 2^^ Ie 

~l~jCn Jy ^ei^2n^ &j) '^ei^ej^'^P' 

Now we are going to estimate all terms in RHS of (5.4): 

(i) By the CR divergence theorem and Af,(p^ = 2(pAb(p + 2\'Vb‘f\‘^ = 2|V6(/9p, we have 

Jy ^e2n^b^^'^P 

= ~Cn Jy ^^e„^e2n^^P ~ Jy ^^e2n^'^P 
(5-5) = -Cn Jy /s(v?^)e2„dEp 

= -Cn Jy Oi<Pe„¥’e2j^P “ 

= -Cn Jy - 2Ai | 

(ii) By the CR Green theorem 

(5-6) A^Cn Jy ^e2„Ab(pdEp = ^ Jj^{Ab(pfdn + ^ Jj^ (V^Afey?, Vfe(p) dp = 0. 

(hi) The same computation as (4.3) for a = 0 and from (3.16) 

^Cn J^{ip^B^-p^p - Bn0ip)dT.p 

(5.7) = jCn Jy ^e2„(^enen ^ ~ ^A^p — Hp,h^^^^)dAp ^ —Cn Jy 

= \Cn Jy (^g,J^Ab(p - Ej^n,2n ^e,ej)d^P + ^Cn Jy ^O^eJ^p- 
(iv) By straightforward computation, since = 0 


i {Pn^p - Pn^) = i [v/n “ P>/nj = | [^<dOe„ + {^bP>)e2„]- 

From (3.9), (5.7) and J^ip{Af,(p)f.^^d'Ep — 0 that 


(5.8) 


n+2 

2n 


iCn (pi^Pfi^ Pn^^d^p 


nH-2 

An 


Cn Jy ‘^[RT’Oerr + (^b‘p)e2n]d'^f 


_ n+2 


4 Cn Jy p^oV^end^p T 2 Je Oi(pQ(pdS 


p- 


By combining (5.4), (5.5), (5.6), (5.7) and (5.8) for a = 0 

0 > (/c - 2Ai)|V6(ppdp+fC„4v9o(Pg^dEp 

~A^n Jy JJj^n,2n T^eje^ ^e2n+ 4^^ Je ^eA'^ni ^j) ‘fei^ejd'^p- 

Moreover if a = 0, then the p-area element dAp is the area form dA on E and 
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0 > {k-2Xi) 

~ 4 ^n fjj J2jf^n,2n V^ejejV^e 2 n^^ + 4 ^ri ^efi2n-, ^j) 

Next we observe that T is always tangent to S due to a = 0. Then ip^tp^^dT, is indepen¬ 
dent of the extended function (f. If we choose a different component of M\S to perform this 
computation, Ue^Uo, Y.j^n, 2 n'^ejejUe 2 r, and (Ve,e 2 n,ej) UeMe^ will differ by a sign, hence we may 
choose a component, say Mi, so that 

(5.10) 2n/^ - /s J2j^n,2n^e,e^Ve2j^ + /s (Ve^Csn, 6^) ife.^e^dE > 0. 

By combining (5.9) and (5.10) that we have 

0 > (/c - 2Ai) |Vb(/:pdp 


with D = Ml. This implies 


0 > A: - 2Ai 


and thus 


because ip has boundary value u which is nonconstant. 
Now if the equality holds for n = 1., then 


W = k. 


Since An = 0, 


Qii — 0 


and then (M, J, 9) is a closed spherical pseudohermitian 3-manifold. On the other hand, it follows 
from ([CHMY]) that any embedded p-minimal surface in a closed spherical pseudohermitian 3- 
manifold must have genus less than two. In additional, if M is simply connected, then (M, J, 9) 
is the standard pseudohermitian 3-sphere. This completes the proof. □ 
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